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tion-diusion system with a Hopf bifur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oupled to one or more
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al
systems. For a fold-Hopf bifuration, the equation suessfully handles atual 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1 Introdution
Near a bifuration, the evolution of a dynamial system exhibits ritial slowing down, whih
often admits a simplied desription in terms of an amplitude equation. We demonstrate
in this paper that slow modes may sometimes be desribed in terms of amplitude equations
even if the underlying bifuration annot be realized for a given system. More speially,
we show that slow modes additional to the ritial modes of a bifuration may be treated in
terms of a higher-odimension bifuration.
Near a Hopf bifuration, a reation-diusion system may sometimes be desribed by a
omplex Ginzburg-Landau equation (CGLE
1
), where the motion is restrited to the unfolded
enter manifold of the fous. Diusion may tend to move the system o that slow manifold,
but fast non-osillatory modes may keep the state point lose to it. However, if the system
has a slow real mode, diusion may signiantly exite that mode, thus making a desription
in terms of the CGLE dubious.
In priniple, a system with a Hopf bifuration and a slow real mode may always be treated
by a CGLE provided we work suiently lose to the bifuration point. But experimental
limitations may prevent us from operating lose enough. Slow modes are likely to appear in
omplex hemial or biohemial reations where the spetrum of harateristi times often
spans many orders of magnitude. An example is the Belousov-Zhabotinsky (BZ) reation
whih under ertain onditions shows simple periodi osillations. These basi osillations
may be desribed by relatively simple models like the Oregonator [1℄. At other operating
points, the BZ reation may exhibit omplex osillations (inluding haos) [2, 3℄, whih an be
attributed to the presene of a slow real mode and annot be desribed by the Oregonator.
But the omplexity of the BZ reation an be desribed quite well by a four-dimensional
extension of the Oregonator model [3℄. For that more realisti model, we show in this paper
that a desription by the CGLE fails at experimentally feasible onditions.
Treating a reation-diusion system by an amplitude equation saves omputational re-
soures and provides interpretations that give more insight into the harater of the solution.
It is therefore highly desirable to develop an amplitude desription to replae the CGLE for
important hemial systems like the BZ reation or biohemial reations suh as glyolysis.
In this paper, we shall derive an amplitude equation for reation-diusion systems with a
Hopf bifuration and a slow real mode. The equation is based on the amplitude equation
for a fold-Hopf bifuration even though the system need not posses suh odimension-two
bifuration. We shall refer to the result as a distributed slow-Hopf equation (DSHE). We
show that the four-dimensional reation-diusion model of the BZ reation may be exellently
desribed in terms of the appropriate DSHE.
The development of the DSHE involves several intermediate results that are important
in their own right. We rst derive a set of amplitude equations for the lass of bifurations
(ourring in the orresponding spatially homogeneous system) with one pair of pure imagi-
nary eigenvalues and any number of semisimple eigenvalues zero. (Chemial and biohemial
reations may well have several slow modes.)
The method used for deriving the amplitude equations builds on results previously ob-
tained for ordinary dierential equations [4℄. The unfolded enter manifold for the orre-
sponding homogeneous system is parameterized by points y in the enter subspae. At eah
point of (physial) spae, the state point is restrained to move on the enter manifold, and
the amplitude equation is found as the equation for the modulation of the osillations of y
(desribed in a basis of ritial eigenvetors) obtained from the restrained reation-diusion
equation.
1
In this paper, we use the following abbreviations: CGLE: Complex Ginzburg-Landau equation; DSHE:
Distributed slow-Hopf equation; BZ: Belousov-Zhabotinsky.
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The resulting lass of amplitude equations for the general ase is given by Eq. (19) with
Eqs. (20) and (21). From a solution to an amplitude equation, we get the physial solution
using the transformation (22), determined as indiated in Appendix A (see also [4℄).
We treat the speial ase of a distributed fold-Hopf bifuration in detail in Setion 2.3
(see Eq. (24) together with Table 1). We note also that the CGLE is another speial ase;
thus the present work ontains a new derivation of that important equation.
We modify the distributed fold Hopf equation to get an amplitude equation, the DSHE,
appliable to systems with a Hopf bifuration and one slow but non-ritial real mode. The
result is Eq. (27), whih an be saled to the dimensionless form Eq. (31). The preise relation
of the DSHE to the original CGLE is required when the two equations are ompared. It is
explained in Appendix C.
The approximations in terms of various amplitude equations are evaluated for a four-
dimensional extension of the Oregonator model mentioned above, whih is desribed in
Setion 4.1. The model provides a realisti desription of the BZ reation based on ex-
tensive kineti work [5, 6℄ and desribes muh of the dynamial behavior of the BZ system
qualitatively or semiquantitatively orretly (see [3℄ for a desription of the omplex dynamis
and [7℄ for the bare osillations).
We ompare the exat solution obtained by diret numerial integration of the reation-
diusion equation with the approximations obtained as solutions to the amplitude equations,
the CGLE on the one hand and the DSHE on the other. We nd in Setions 4.3 and 4.4
that whereas the simple CGLE fails, the DSHE provides a very aurate desription of the
dynamis of the reation-diusion system.
The result shows the eet of a slow real mode near a Hopf bifuration, and that a
Ginzburg-Landau approximation annot be onsidered reliable for the BZ system. The slow
real mode is a natural (unavoidable) part of that system. A similar eet has also been
onsidered by Aranson et. al [8℄ who oupled the FitzHugh-Nagumo model [9, 10℄ with an
artiial slow real mode. There the slow mode interated with an exitable system, and the
eet was the opposite of the one reported here for the osillatory BZ system. Random initial
onditions normally give rise to a disordered distribution of spiral waves in the FitzHugh-
Nagumo model, but the slow mode resulted in the development of a single spiral overing
the entire spatial domain.
2 Derivation of amplitude equations
In this setion, we derive amplitude equations for hemial reation-diusion systems for
whih the (spatially) homogeneous system is near a bifuration at whih the spetrum of
ritial eigenvalues onsists of one pair of omplex onjugate, imaginary eigenvalues and
several real semisimple eigenvalues equal to zero.
2.1 Homogeneous systems
We onsider a dynamial system, desribed by a vetor x ∈ Rn, and depending on a set of
parameters µ ∈ Rs. The system is supposed to have a stationary point xs(µ) at whih a
loal bifuration ours at µ = 0. We shall use the stationary point, xs(0), at the bifuration
point as origin. The homogeneous hemial system evolves aording to the kineti equation
dx
dt
= F(x;µ) = J·x+ f(x,µ). (1)
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The Jaobian matrix at the stationary point at the bifuration, J = DF(0,0), has r semisim-
ple eigenvalues λi and r pairs of linearly independent right and left eigenvetors ui and u
∗
i ,
normalized aording to the biorthonormality relations
u∗i ·uj = δij , for i, j = 1, . . . , r. (2)
The r-dimensional enter manifold W c at µ = 0 is tangent to the enter subspae Ec at
x = 0, whih is spanned by the r right eigenvetors ui. Near x = 0, motion in W
c
(or its
unfolding) is usually muh slower than motion towards it or away from it (ritial slowing
down), and the motion outside W c may often be onsidered transient and fast and therefore
disregarded. This fat adds to the pratial importane of the enter manifold.
We have previously [4℄ derived simple, expliit expressions that allow us to write down the
normal form equation for the ow on the enter manifold and unfoldings of it (for µ 6= 0) as
well as a transformation from normal form oordinates to the original physial oordinates.
The transformation has the form of a map
x = y + h(y,µ), where y ∈ Ec, (3)
from Ec×Rs to the (unfolded) enter manifold. For osillatory modes, the normal form allows
a formulation in terms of amplitudes by a straightforward modiation of the normal form
equation. Consequently, we sometimes refer to the equation as an amplitude equation,
whether it is modied or not. The results of the previous work needed in the present paper
are summarized in Appendix A.
From the results of Appendix A, we may easily obtain an expliit expression for the
enter manifold, parameterized by oordinates in the enter subspae in a basis of ritial
eigenvetors, valid for any given loal bifuration (with semisimple ritial eigenvalues). We
refer to suh representation as an amplitude transformation. It is given by Eq. (3) with
h expanded in powers of the oordinates of y, see Eq. (44) of Appendix A. Observe that
this expansion also provides an expliit expression for the vetor eld on W c. We shall
make use of these two results in the next subsetion to derive an amplitude equation for the
orresponding reation-diusion problem.
2.2 Extension to spatially inhomogeneous systems
When the system desribed by Eq. (1) is modied by introduing diusion of the involved
physial quantities, the time evolution of the system is governed by a reation-diusion
equation
∂x
∂t
= F(x;µ) +D·∇2x, (4)
where x = x(r, t) depends on a spatial position r as well as time t, and D is a diusion
operator, whih typially, to a good approximation, an be represented by a diagonal matrix.
In a homogeneous system, the (unfolded) enter manifold is invariant under the ow. In
hemial reation-diusion systems, diusion may take the loal onentration away from
W c even if it initially was on W c everywhere.
However, lose to the bifuration, the motion on the unfolded enter manifold due to the
hemial reations often is muh slower than motion transverse to it, as already mentioned.
Consequently, diusion never takes the system far away from that slow manifold, so the
evolution of the spatial system may be approximately desribed by Eq. (4) with x restrained
to move on the slow manifold W c(µ) given by Eq. (3).
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We may therefore simply substitute the right hand side of Eq. (3) for x in Eq. (4) to get
a dierential equation in y, the orresponding point in the enter subspae. The appropriate
solution to the resulting equation is then transformed by Eq. (3) to the motion in the enter
manifold, the approximate solution to the reation-diusion equation (4).
Unfortunately, diret substitution of the parameterization for the slow manifoldW c(µ) in
Eq. (4) results in ounter-rotating terms [11℄ that prevent straightforward use of amplitudes
for osillatory modes. By averaging, these realitrant terms an be seen to be negligible lose
enough to the bifuration point, but that method is approximate and inelegant. We shall
therefore use a method of two times while still building on the result of the theory outlined
in Appendix A.
We now restrit the disussion to a bifuration with a single pair of omplex onjugate
imaginary eigenvalues ± iω0 together with any number of semisimple zero eigenvalues. There
are r suh ritial eigenvalues (ounting multipliity) and r linearly independent right eigen-
vetors and orresponding left eigenvetors satisfying the biorthonormality relations(2). The
period of the osillations near x = 0 at µ = 0 is T = 2π/ω0.
We express the solution y(r, t) as the modulation of harmoni osillations of frequeny ω0
for the osillatory mode and seek an equation for the modulation. To that end, it is onvenient
to view y as a funtion of two independent time variables, τ and θ, with θ aounting for the
harmoni osillation (of the osillatory degrees of freedom) and τ desribing the modulation.
We dene
y(r, τ, θ) = eJθ ·z(r, τ) =
r∑
i=1
eλiθzi(r, τ)ui, (5)
where τ and θ are given funtions of time. At the end of the alulation, we shall hoose
τ = θ = t. (6)
To obtain the orret equation for y(r, τ, θ), we use Eq. (6) initially as
∂y
∂t
=
∂y
∂θ
dθ
dt
+
∂y
∂τ
dτ
dt
=
∂y
∂θ
+
∂y
∂τ
. (7)
but otherwise we use the variables r, τ , and θ onsistently throughout (so no onfusion should
arise from using the symbol y for the two dierent funtional forms).
We now view x as a funtion of r, τ , and θ through Eq. (3), and using Eq. (7), the
reation-diusion equation (4) may then be written as
∂x
∂τ
= (J·x− ∂x
∂θ
) + f(x,µ) +D·∇2x, (8)
with
x(r, τ, θ) = y(r, τ, θ) + h(y(r, τ, θ),µ). (9)
For a given physial (or hemial) problem, the transformation h is a well dened funtion
of y and µ. So for a given µ, the seond term of Eq. (9) and its derivatives with respet to
r, τ , and θ are ompletely determined by the funtion y(r, τ, θ). Consequently, these terms
do not ontain any new information about the dynamis not already ontained in y(r, τ, θ)
and the transformation h(y,µ).
These remarks suggest that we try to eliminate as muh as possible of the nonlinear term
of
∂x
∂τ
=
∂y
∂τ
+
∂h
∂τ
(10)
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in Eq. (8). We observe that
∂y
∂τ
= eJθ · ∂z
∂τ
=
r∑
i=1
eλiθ
∂zi
∂τ
ui (11)
implying that we may extrat an equation for
∂zi
∂τ
by multiplying Eq. (8) by e−λiθu∗i (from
the left) and averaging the result over a period T of θ. The left-hand side of Eq. (8) then
simply gives
∂zi
∂τ
, sine
1
T
∫ T
0
e−λiθu∗i ·
∂h
∂τ
dθ = 0. (12)
We prove this property in Appendix B. There we also show that
1
T
∫ T
0
e−λiθu∗i ·(J·x−
∂x
∂θ
)dθ = 0, (13)
implying that the two terms in parentheses disappear from Eq. (8) by the above operation.
As argued in Appendix A, we may use a power series expansions of x and f(x,µ) for x
on the slow manifold W c(µ). Here we rst note that
yp =
∏
i
ypii = exp(
∑
i
piλiθ)
∏
i
zpii = e
p·λθzp (14)
in onise notation.
For f(x,µ), we get using the expansion (49)
1
T
∫ T
0
e−λiθu∗i ·f(y + h(y,µ))dθ =
1
T
∑
pq
u∗i ·fpqzpµq
∫ T
0
e(p·λ−λi)θdθ
=
∑i
pq
f (i)pqz
pµq, (15)
in whih f
(i)
pq = u∗i ·fpq is the i'th omponent of the vetor oeient of the expansion of
f(x,µ) on W c(µ) whereas the sum is taken over all sets (p,q) for whih the resonane
ondition for the i'th omponent
p·λ =
∑
j
pjλj = λi (16)
is satised. All other terms vanish beause of the integral of the exponential in Eq. (15).
Note that ritial eigenvalues are either pure imaginary or zero. For larity, the summation
over the resonant terms for the i'th omponent is marked with a supersript i in the sum in
Eq. (15). For the diusion term of Eq. (8), we similarly get (using the expansion (44) from
Appendix A)
1
T
∫ T
0
e−λiθu∗i ·D·∇2(y + h(y,µ))dθ =
∑
j
Dij∇2zj
∑
pq
1
T
∫ T
0
e(λj−λi)θdθ + u∗i ·D·
∑
pq
hpqµ
q∇2zp
∫ T
0
e(p·λ−λi)θdθ =
∑
j
Dij∇2zj +
∑i
pq
u∗i ·D·hpqµq∇2zp. (17)
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Here
Dij = u
∗
i ·D·uj (18)
and the sum over j is taken over all terms for whih λj = λi, and the sum over p and
q inludes all resonant terms for the i'th omponent (and no other). By using Eq. (12),
Eq. (13), Eq. (15), and Eq. (17), we obtain an amplitude equation for the modulation as a
set of oupled equations for the set of all oeients zi(r, τ) dened in Eq. (5).
∂zi
∂t
=
∑i
pq
fpqz
pµq +
∑
j
dij∇2zj +
∑i
p
D(i)p ∇2zp. (19)
Here
dij =
{
u∗i ·D·(uj +
∑
|q|>0 hδjqµ
q), λj = λi
0, λj 6= λi
(20)
and
D(i)p =
{
u∗i ·D·
∑
q hpqµ
q |p| > 1
0, |p| ≤ 1, (21)
in whih |p| = ∑j pj . As before, a supersript i restrits a summation to resonant terms
for the i'th omponent. In Eq. (20), the index set δj has omponents desribed by the usual
Kroneker delta, (δj)k = δjk.
In Eq. (19), we have identied τ with the real time, t, sine we no longer need to
distinguish between the two formal time sales. From a solution zi(r, t), i = 1, . . . , r, to
Eq. (19) we get an (approximate) solution to the reation-diusion equation (4) as
x(r, t) = y(r, t) + h(y(r, t),µ), (22a)
y(r, t) =
r∑
i=1
zi(r, t)e
λitui (22b)
Here we note that the transformation h produes anharmoni terms in θ in the plane of
osillations as well as omponents o the enter subspae Ec. Of ourse, these terms are also
modulated (by produts of powers of the amplitudes zi) and are therefore not periodi in t.
For a spatially homogeneous system, the diusion terms disappear from the amplitude
equation (19), and the result therefore agrees with the general expression for a homogeneous
system as quoted in Appendix A. In general, the amplitude equation ontains diusion terms
that modify the motion on the slow manifold. The sum over j in Eq. (19) represents the linear
diusion terms whih inlude ouplings between bifurating modes orresponding to the same
eigenvalue. But note in partiular that the osillatory modes (with eigenvalues ± iω0) do not
ouple to any of the real modesonly the real modes may ouple to eah other.
The nonlinear diusion terms, the last sum in Eq. (19), arise beause the motion is re-
strained to the slow manifold; diusion is linear in x but we desribe the dynamis in terms
of points y ∈ Ec, and x is learly not linear in y. It is to be expeted, that the linear diusion
terms will dominate over the nonlinear diusion, and these higher order terms may therefore
be negleted in rst approximation. Below we show examples whih are exellently desribed
using linear diusion alone. In some ases, the nonlinear diusion may be important, how-
ever. For example, this may be the ase in situations where the real part of any of the
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linear diusion oeients beomes negativea situation whih easily arises in biohemial
systems where the diusion onstants may dier by several orders of magnitude.
In Setion 2.3, we shall exhibit the amplitude equation for a fold-Hopf bifuration (whih
has one osillatory and one real mode) as a speial ase of Eq. (19). We also note how the
well-known omplex Ginzburg-Landau equation (CGLE) appears as a speial ase of the
result (19). Thus the present work ontains a novel derivation of the CGLE.
The fold-Hopf bifuration will be used to solve the reation-diusion equation for a re-
alisti model of the Belousov-Zhabotinsky reationwe shall ompare the solution obtained
from the new equation with those of the reation-diusion equation itself and of the orre-
sponding CGLE. In addition, this example also serves as an illustration of the pratial use
of Eq. (19).
2.3 Distributed Fold-Hopf equation
In the following, we shall fous on the speial ase of Eq. (19), where there is just a single
eigenvalue in addition to the imaginary pair. This bifuration is alled a fold-Hopf bifuration
orresponding to the ase where a Hopf bifuration oinides with a single non-degenerate
real bifuration. The linear diusion terms ontain no oupling between modes, so the sum
over j in Eq. (19) redues to just one term, dii∇2zi with
dii = u
∗
i ·D·(ui +
∑
q
hδiqµ
q). (23)
Here we shall exhibit the amplitude equation (19) to lowest non-trivial order in µ (i.e. in-
luding only terms essential to the unfolding of loal terms) implying that the diusion term
dii redues to dii = u
∗
i ·D·ui.
To lowest order, we need only terms linear in µ in general, so we get similar independent
terms from eah omponent of µ. Therefore, we shall exhibit the result for a single salar µ
even though one is often interested in using two independent parameters for bifurations of
odimension two: the generalization is straightforward.
For onveniene, we simplify the notation by assigning λ1,2 = ± iω0 and λ3 = 0 for the
eigenvalues at the bifuration point, and u1 = u, u2 = u, and u3 = v for the orresponding
right eigenvetors. In this ase, we need only onsider the amplitudes for w = z1 and z = z3
sine omplex onjugation gives z2 = w.
If we inlude all terms up to third order in w and z for q = 0 and only terms essential
to the unfolding for q > 0 and neglet nonlinear diusion, we then obtain the following
amplitude equation for a fold-Hopf bifuration in a reation-diusion equation (4)
w˙ = σ1µw + g0wz + g1|w|2w + g2wz2 + dw∇2w, (24a)
z˙ = ρ0µ+ c0|w|2 + c1z2 + c2|w|2z + c3z3 + dz∇2z. (24b)
Here we have introdued the following ompat notation
dw = u
∗ ·D·u, dz = v∗ ·D·v,
σ1 = u
∗ ·f1001, ρ0 = v∗ ·f0001,
g0 = u
∗ ·f1010, g1 = u∗ ·f2100, g2 = u∗ ·f1020, (25)
c0 = v
∗ ·f1100, c1 = v∗ ·f0020, c2 = v∗ ·f1110, c3 = v∗ ·f0030.
The results derived for the fold-Hopf bifuration are summarized in Table 1.
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The amplitude equation for a reation-diusion system that undergoes a simple Hopf
bifuration is easily obtained from the general result Eq. (19) following the same proedure.
As a result, we obtain the well-known omplex Ginzburg-Landau equation (CGLE)
w˙ = σ1µw + g|w|2w + d∇2w. (26)
The details of the results for the CGLE and expliit expressions for alulations of the
oeients in Eq. (26) are summarized in Table 2. The parameter d in Eq. (26) is idential
with dw, shown in Eq. (24).
3 Handling a slow nonritial mode
An amplitude equation very similar to the distributed fold-Hopf equation(24) an be derived
for a system with a Hopf bifuration and a slow real mode, even if only a Hopf bifuration
an be realized (near the desired operating point or anywhere at all). The result may be
viewed as an extension of the omplex Ginzburg-Landau equation.
3.1 The distributed slow-Hopf equation
We onsider a system depending on a salar parameter µ, having a Hopf bifuration (for the
homogeneous system) at µ = 0. The ritial eigenvalues are ± iω0 and the orresponding
eigenvetors are u and u. All other eigenvalues have negative real parts. One real eigenvalue
is small, |λ0| ≪ ω0 (eigenvetor v) whereas all others satisfy −Re{λ} ≫ ω0.
We may desribe the system with a partial unfolding of the fold-Hopf equation, translated
so that the origin is at the stationary point at µ = 0. Unfolding of the Hopf bifuration is
governed expliitly by µ and needs no further disussion. The unfolding and translation from
the fold-Hopf bifuration to the partiular Hopf bifuration studied, an be aounted for by
evaluating the fold-Hopf parameters at the Hopf bifuration point, (x, µ) = (0, 0) instead of
at the (titious) fold-Hopf point. In addition, the term ρ0µ of Eq. (19) disappears beause
of the translation to the new stationary point, and a term λ0z appears expliitly, whih was
absent at the fold-Hopf bifuration beause λ0 vanishes there. The relation of unfoldings to
parameters of an amplitude equation and amplitude transformation, evaluated at a stationary
point of an unfolded equation, has been disussed in setion VII of [4℄.
The result of the modiation is an equation of exatly the same form as Eq. (19) exept
that λ0z replaes ρ0µ. The oeients are given by exatly the same formulas, Table 1,
exept that the Jaobian matrix and the other derivatives of the vetor eld are evaluated at
the Hopf bifuration point, and so are the eigenvalues and eigenvetors of J. We shall refer
to the equation as a distributed slow-Hopf equation (DSHE). Keeping the most important
(lower order) terms only, the DSHE takes the form
w˙ = σ1µw + g0wz + g1|w|2w + dw∇2w, (27a)
z˙ = λ0z + c0|w|2 + dz∇2z, (27b)
whih we use in Setion 4 to desribe a realisti model of the BZ reation-diusion system.
The DSHE (27) is a generalization of the CGLE (26). It ontains the simple CGLE as a
speial ase when |λ0| ≫ Re{σ1}µ, as we show in Appendix C: there we disuss the relation
between the two equations, and in partiular we derive an expliit relation between the
parameters g1 and g. These parameters are in general quite dierent despite their deeptively
similar denitions. The two amplitude equations are evaluated and ompared numerially
with eah other and with the underlying reation-diusion equation in Setion 4.
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3.2 Salings
Near a bifuration, an evolution equation often sales with the bifuration parameter(s) to
lowest order(s) in a simple way. This property admits a redution of the (trunated ) equation
to a form independent of the distane(s) from the bifuration point. Examples of redued
equations are the Ginzburg-Landau equation [12℄, the Kuramoto-Sivashinsky equation [13,
14℄, and the Swift-Hohenberg equation [15℄.
For the fold-Hopf bifuration, a omplete saling requires two arefully hosen bifuration
parameters. The DSHE (27) annot be saled to a form independent of the bifuration
parameter. Nevertheless, it is useful to introdue a partial resaling of Eq. (27) with the
substitutions
w =
√
µw′, z = µz′, t = t′/µ, r = r′/
√
µ (28)
to obtain an equation in the new, primed variables. If we drop the primes for simpliity, the
saled equation beomes
w˙ = σ1w + g0wz + g1|w|2w + dw∇2w, (29a)
µz˙ = λ0z + c0|w|2 + µdz∇2z. (29b)
For analysis of solutions and numerial omputations it is onvenient to redue Eq. (29)
to dimensionless form by further salings through the substitutions
w =
√
−σr1
gr1
w′ exp(i
σi1
σr1
t′), z =
σr1
gr0
z′, t = t′/σr1, r =
√
drw
σr1
r′, (30)
in whih supersripts r and i denote real and imaginary parts respetively. The result is an
equation in the primed variables. If we skip the primes for onveniene, the resulting resaled
equation takes the form
w˙ = w + (1 + i γ)wz − (1 + iαs)w|w|2 + (1 + iβ)∇2w, (31a)
ǫz˙ = λ0z + κ|w|2 + ǫδ∇2z, (31b)
where
αs =
gi1
gr1
, β =
diw
drw
, γ =
gi0
gr0
, ǫ = µσr1, κ = −c0
gr0
gr1
, δ =
dz
drw
. (32)
The salings used here are similar to those traditionally used for the CGLE [12℄ reduing it
to the form
w˙ = w − (1 + iα)w|w|2 + (1 + iβ)∇2w. (33)
Here β is given by Eq. (32) and α = g
i
gr
. The parameters α and αs dier beause g and g1
do, as disussed further in Appendix C.
4 Comparison of solutions
The rst suessful attempt to model the osillatory behavior of the BZ reation was the
Oregonator model suggested by Field and Noyes [1℄. It exhibits both sinusoidal and relax-
ational osillations in semi-quantitative agreement with many experiments. However, the
Oregonator model does not reprodue more omplex dynamis suh as quasiperiodi osilla-
tions or haos.
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4.1 Model of the BZ reation
To inorporate omplex phenomena of the BZ reation into the modeling many dierent vari-
ants of the Oregonator have been onsidered. Here we use the modied Oregonator reently
suggested by Wang et. al [3℄ to explain very ompliated transient phenomena observed in
the BZ reation. The model, whih we refer to as the 4D Oregonator, is based upon the
following hemial sheme
BrO−3 + Br
− + 2H+
k1−→ HBrO2 +BrMA
HBrO2 + Br
− +H+
k2−→ 2BrMA
BrO−3 +HBrO2 +H
+ k3−→ 2HBrO2 + 2Ce4+
2HBrO2
k4−→ BrMA+ BrO−3 + H+
BrMA+ Ce4+
k5−→ Br−
MA+Ce4+
k6−→ P
BrMA
k7−→ P
(34)
Note that the rst six reations are equivalent with the reations in the Oregonator model, ex-
ept for the fat that bromomaloni aid (BrMA) appears expliitly in the sheme. The meh-
anisti assumption is that HBrO reats immediately with maloni aid to produe BrMA. In
order to explain the omplexity observed in the losed system it is essential to add a reation
whih orresponds to a removal of BrMA without a simultaneous prodution of Br−. This
additional feature is inluded in reation 7 of Eq. (34).
Now, if we regard the onentration of BrMA as an additional dynamial variable and
assume non-homogeneous spatial onditions, the above set of reations gives rise to the
following four-dimensional dierential equation
∂X
∂t
= k1AH
2Y − k2HXY + k3AHX − 2k4X2 +DX∇2rX,
∂Y
∂t
= −k1AH2Y − k2HXY + k5UZ +DY∇2rY,
∂Z
∂t
= 2k3AHX − k5UZ − k6MZ +DZ∇2rZ,
∂U
∂t
= k1AH
2Y + 2k2HXY + k4X
2 − k5UZ − k7U +DU∇2rU,
(35)
where the following short-hand notation is introdued for the onentration of the hemial
speies: X = [HBrO2], Y = [Br
−], Z = [Ce4+], U = [BrMA], A = [BrO−3 ], H = [H
+], and
M = [MA]. As in the Oregonator model, we regard A as a onstant in order to study the
system under open onditions. Besides having a superritial Hopf bifuration with small
sinusoidal osillations, the model also ontains an additional slow time sale whih primarily
is related to the kinetis of BrMA. The values of the various onstants in Eq. (35) are shown
in Table 3.
4.2 Bifurations and stability of waves
For the omparisons, we need to selet a suitable operating point for the 4D Oregonator, lose
to a superritial Hopf bifuration. As parameters, we have hosen the xed onentrations
[BrO−3 ] and [H
+]. All other parameters have been xed using the values shown in Table 3.
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The lous of Hopf bifurations in the plane of the free parameters are shown in Fig. 1a.
The bifuration diagram onsists of two apparently separate urves, whih are onneted for
a very large and physially unrealisti value of [BrO−3 ], however. Both branhes desribe
superritial Hopf bifurations. The lled irle on the upper branh indiates a Hopf bi-
furation point whih has been hosen as referene point viz. [BrO−3 ]Hopf = 0.3662M and
[H+]Hopf = 1.3416M. This referene point is haraterized in Table 4. Sine it is neessary
to work at a non-zero distane from the bifuration point, the atual operating point will be
hosen lose to this referene point. The variation of the Ginzburg-Landau parameters α and
β, and the funtional dependene β(α) are shown in Figs. 1b1d. In all three ases, numbers
➀➂ identify urves with the branhes in the bifuration diagram.
The referene point shown with a lled irle in Fig. 1 has been hosen with a view to
the stability properties of waves. Reation-diusion equations may support several types of
waves. Near a superritial Hopf bifuration, in partiular, there may exist stable spiral waves
as well as spatio-temporal haos (hemial turbulene), depending on parameter onditions.
Usually the CGLE approximation faithfully reprodue suh behavior [16℄, and it is onvenient
to relate wave stability to the parameters, α and β, of the CGLE.
For the CGLE, the stability of spiral waves and their transitions to turbulent solutions in
the α, β-parameter plane have been studied numerially and theoretially in [17, 18, 19℄. One
key observation in these studies is that the transition to turbulene in the CGLE is losely
related to the onepts of onvetive and absolute instability. For spiral wave solutions, it
was found that the boundary of the region for absolute instability is very lose to the urve
where spiral wave solutions exhibits a transition to turbulene. In addition, the region whih
separates the onset of onvetive instability of the spiral waves, to some extent, may be
approximated by the Ekhaus instability border [18, 19℄. The parameter spae may therefore
be divided into several subregions desribed by onvetive and absolute instabilities as in
Fig. 1d. In the next setion, we shall use these onepts in a disussion of suitable operating
points to be seleted for a omparison of the various equations, set up for the 4D Oregonator.
4.3 CGLE versus the reation-diusion equation
We hoose the operating point well outside the region of absolute instability (AI in Fig. 1a)
where we expet to observe stable spiral waves for the CGLE. Observe, that the hosen point
lies lose to the region of onvetive instability (EH), but this has no importane to the
loal stability properties of spiral waves. The Ginzburg-Landau parameters evaluated at the
referene point are shown in Table 5.
The 4D Oregonator must be run at a non-zero distane from the Hopf bifuration point.
We hoose the parameter values [BrO−3 ] = 0.3625M and [H
+] = [H+]Hopf . This orresponds
to an amplitude of the uniform osillations, whih is 7.5% of the stationary Ce4+ onentra-
tion. We emphasize that the CGLE is saled and hene independent of the distane from the
bifuration point but the reverse saling together with the amplitude transformation aount
for the distane atually used.
The most systemati way of omparing the solutions to the amplitude equation and the
reation-diusion equation is to transform the spae and time dependent omplex amplitudes
bak to onentration spae using the salings desribed in Setion 3.2 and the amplitude
transformation determined in Table 2. The transformation is nonlinear, and the nonlinear
terms are sometimes important [20℄.
For the present study, the linear part of the transformation
x(r, t;µ) = xs(µ) +
[
w(r, t;µ)ei ω0tu+ c.c.
]
, (36)
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is suiently aurate. Equation (36) is expressed in terms of unsaled variables w, r, and
t. In addition, the unfolding terms desribing the variation of the stationary point xs(µ)
with the parameter µ are also inorporated. As an alternative to transforming amplitudes
to physial variables for the omparison, one may alulate the amplitudes from the physial
variables (onentrations) obtained from the reation-diusion equation. This is easy in the
linear approximation to the amplitude transformation:
w(r, t;µ) = u∗ ·
[
x(r, t;µ) − xs(µ)
]
e− iω0t. (37)
The representation(37) is very onvenient sine the magnitude |w| of the (unsaled) amplitude
forms a very lear representation of an osillatory wave.
In the omparisons, Figs. 2 and 3, we exhibit the magnitude |w(r, t;µ)| as well as seleted
omponents of x(r, t;µ) (the onentrations of Ce4+and BrMA) for solutions to the reation-
diusion equation (RDE) and the CGLE respetively, using initial onditions suggested by
Kuramoto [12℄ (we hoose |w(r, t;µ)| proportional to |r| and arg(w(r, t;µ)) = arg(r), the
polar angle).
As is lear from Fig. 3, the CGLE exhibits the behavior expeted from the diagram
Fig. 1d, a spiral wave solution evolving from the enter of the grid. However, this very
regular solution shows virtually no resemblane with that of the reation-diusion equation,
Fig. 2. Fousing on [Ce4+], we see that a small spiral is initially formed at the enter of
the grid. After a few windings, the spiral is no longer able to maintain its struture, and a
turbulent pattern develops. This is espeially lear in the amplitude plot where a shok wave
is emitted from the spiral ore. When the shok hits the boundary of the domain, many small
spirals are generated, the symmetry of the initial state breaks, and fully developed turbulene
is reahed. Here numerous small spirals are onstantly reated and annihilated, resulting in
a disordered motion typial of hemial turbulene, whih also has been observed in ertain
parameter regions for a reation-diusion equation based on the simple three dimensional
Oregonator model [16℄.
4.4 DSHE versus the reation-diusion equation
The failure of the CGLE is learly a result of the presene of a slow real mode in the
4D Oregonator, whih violates a ondition underlying a derivation of the equation: all motion
towards the plane of the osillations must be fast ompared with the motion in the plane.
We shall therefore try to desribe the reation-diusion system with a distributed slow-Hopf
equation, DSHE, whih takes the slow real mode expliitly into aount.
We work at the same operating point as used in the previous setion so the results an
be immediately ompared with those for the CGLE and the reation-diusion equation. The
parameters of the DSHE are evaluated at the Hopf bifuration point using the formulas of
Table 1. They are shown in Table 6. Note that the parameter g1 is quite dierent from the
orresponding CGLE oeient g. This important dierene is disussed in Appendix C.
We want to ompare the solution to the DSHE with that of the reation-diusion equation
rst of all. For the latter, we might use Fig. 2, but to illuminate the role of the slow real
mode, we shall alulate the real amplitude z as well as the onentrations of Ce4+ and
BrMA.
The onentrations are obtained from the saled amplitudes by reverse saling and trans-
formation bak to onentration spae with the amplitude transformation desribed in Table 1.
As before, we onsider only the linear part of the transformation here:
x(r, t;µ) = xs(µ) +
(
w(r, t;µ)eiω0tu+ c.c.
)
+ z(r, t;µ)v, (38)
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(shown in terms of unsaled variables). In the linear approximation(38), we may alternatively
alulate the amplitudes from a solution to the reation-diusion equation as
w(r, t) = u∗ ·
[
x(r, t;µ)− xs(µ)
]
e− iω0t, (39a)
z(r, t) = v∗ ·
[
x(r, t;µ) − xs(µ)
]
. (39b)
The linear approximation(39a) to the omplex amplitude w is idential to the one alulated
for the CGLE, Eq. (37) (but the two amplitudes dier if nonlinear terms of the amplitude
transformation are taken into aount). Its magnitude |w| has already been shown in Fig. 2,
but to save spae, we shall not exhibit |w| for the DSHE. Instead, we show the real amplitude
z together with [Ce4+] and [BrMA℄ in Fig. 4 for the reation-diusion equation and Fig. 5
for the DSHE. Initial onditions for the simulations are the same as in the previous setion
[12℄.
The agreement between the two solutions is striking. Even quite subtle details agree
for a long time although, eventually, the details of the turbulent patterns must disagree.
However, the general harater of the solutions ontinue to agree. Thus, the improvement of
the DSHE-approximation over that of the CGLE, Fig. 3, is evident.
In onlusion, it is possible to treat a reation-diusion problem near a Hopf bifuration
using an eient amplitude desription, even for systems like the BZ-reation that ontain
a very slow real mode as an intrinsi part of the hemistry. Essentially, the DSHE treats the
Hopf bifuration (of odimension one) as an unfolded fold-Hopf bifuration of odimension
two.
4.5 Role of the slow real mode
A onspiuous feature of the solutions to the reation-diusion equation, Fig. 4, or the DSHE,
Fig. 5, is the similarity of the patterns for [BrMA℄ and the amplitude z. In fat, the two
patterns are almost idential either in Fig. 4 or in Fig. 5.
This similarity an be explained in terms of the eigenvetors of the Jaobian matrix
whose numerial values, evaluated at the stationary point at the Hopf bifuration, are shown
in Table 7. We note that the eigenvetor v for the slow real mode is direted almost exatly
along the [BrMA]-axis.
Another notieable feature of the solutions in Figs. 4 and 5 is the dierent haraters of
the omponents [BrMA] and [Ce4+]. Clearly, the spatio-temporal evolution of the BrMA pat-
tern resembles that of |w| muh more (see Fig. 2). Again, the eigenvetors, Table 7, an throw
some light on this feature. In the linear approximation, the left eigenvetors u∗ and u∗ (or
the real and imaginary parts of u∗) dene the projetion of any vetor onto the plane of
osillation. From Table 7 we see that the [BrMA] omponent of u∗ is very small ompared
with the other omponents of u∗. This implies that [BrMA] virtually does not partiipate in
the basi osillations of frequeny ω0. Thus, apart from sale, the amplitude z an almost be
identied with [BrMA]− [BrMA]0.
To understand the behavior of [BrMA] and the role of the amplitude z, we rst wath the
loal variations of Rew and z at an interior grid point from the simulation shown in Fig. 5.
We observe that the amplitude R of the osillations Rew appear to vary in roughly the same
way as z.
Setting w = R exp(i Θ), gives the following dierential equation for R and z in the homo-
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geneous DSHE
R˙ = (σr1 + g
r
0z)R− gr1R3, (40a)
µz˙ = λ0z + c0R
2, (40b)
where supersript r denotes the real part. To put Eq. (40) into dimensionless form we intro-
due the variable hange
R =
√
−σ
r
1
gr1
R′, z =
σr1
gr0
z′, and t =
1
σr1
t′. (41)
Skipping the primes for simpliity then gives the following dimensionless equation
R˙ = R+Rz −R3, (42a)
z˙ =
λ0z + κR
2
µσr1
, where κ = −c0 g
r
0
gr1
. (42b)
Apart from (0, 0), this saled dierential equation admits the non-trivial stationary solu-
tion
Rs =
(
1 +
κ
λ0
)− 1
2 , zs = − κ
κ+ λ0
, (43)
whih orresponds to a uniform osillatory solution to the reation-diusion equation. A
numerial solution to Eq. (42) is shown in Fig. 7. Here, we observe that the point (Rs, zs)
orresponds to a stable fous in the (R, z)-planethe trajetory exhibits a spiraling motion
onverging to the stationary state in agreement with the osillatory modulation of the am-
plitude observed in Fig. 6. If we inlude diusion into the desription, this will serve as a
onstant perturbation, whih keeps the solution away from the stationary solution (Rs, zs)
and thereby preserves the modulation of the amplitude. The interation between the ampli-
tudes R and z therefore introdues an additional frequeny into the system, as observed in
the torus-like behavior of the time series for Rew, and destroys the stability of spirals.
5 Conlusion
We have derived an amplitude equation that provides an eient and aurate, approximate
desription of a reation-diusion system near a fold-Hopf bifuration, as well as general-
izations to systems with several ritial real modes. The derivation is based on a normal
form transformation ombined with the use of two distint time variables to handle slow
modulations of osillations. It does not rely on dierent time sales.
The derivation exhibits a simple geometrial interpretation of the amplitude equation
in terms of the enter manifold and enter subspae, and it provides an expliit relation,
the amplitude transformation, between amplitudes and physial variables. An amplitude
equation is obtained as a trunation of a form ontaining innite series, and there is a hoie
of inluding more or less terms. Similarly one may inlude more or less terms in the amplitude
transformation. Observe that all oeients an be alulated from the results of the theory.
The main result of the paper is the general amplitude equation Eq. (19) for a Hopf bifur-
ation and any number of semisimple ritial real modes. It ontains all the higher order
terms mentioned, and in pratie, it must be suitably trunated for any partiular use. We
note in partiular that Eq. (19) inludes nonlinear diusion terms.
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The speial ase of a fold-Hopf bifuration is treated more expliitly in Setion 2.3. Here
the amplitude equation (24) is a seleted trunation of Eq. (19) for the ase of a single real
ritial mode. The oeients(25) are given expliitly by Table 1 in terms of oeients hpq
obtained by solving the linear equations shown.
The fold-Hopf bifuration has odimension two, and we would not expet to nd a real-
ization of this bifuration in any partiular reation-diusion system. Nevertheless, we show
that a desription based on the dynamis of a fold-Hopf bifuration is muh more versatile
than the odimension initially suggests.
We show that the mahinery used to derive the distributed fold-Hopf equation (24) an
be used to derive what we have alled the distributed slow-Hopf equation (27), the DSHE,
appliable to a reation-diusion system with a simple Hopf bifuration together with a slow
(near-ritial) real mode. The DSHE (27) diers from the general amplitude equation (19)
by inluding the linear term λ0z whih is absent at ritiality. In addition, all its oeients
are evaluated at the Hopf bifuration. It inludes terms suient for the partiular reation-
diusion problem disussed: a four-dimensional model of the Belousov-Zhabotinsky (BZ)
reation exhibited in Setion 4.1, the 4D Oregonator.
The purpose of looking at the 4D Oregonator (35) is rst of all to test the DSHE by
omparing solutions to it with solutions to the reation-diusion equation and to the orre-
sponding CGLE, all omputed at the same operating point of Eq. (35).
The onlusion from the omparison (Figs. 4 and 5) is that the DSHE desribes the
reation-diusion problem almost quantitatively in the present ase. In ontrast, the CGLE
fails ompletely (Figs. 2 and 3). So using the DSHE, one may redue the numerial work to
a small fration (typially of the order 1:100) of that required for the orresponding diret
integration of the reation-diusion equation. For the operating point onsidered, the behav-
ior of the CGLE agrees with the fat that the oeients α and β of the equation lie in a
region where plane wave solutions are loally stable to long wave perturbations. This spuri-
ous stability is a onsequene of the neglet of all dynamis out of the plane of osillations.
The orret behavior, as represented by the DSHE, an be explained by a stability analysis
of plane wave solutions to the DSHE (27) whih we have arried out using a modiation of
the approah desribed in [18℄. We shall report these results in a separate paper.
Another reason for treating the partiular reation-diusion system (35), in terms of the
DSHE, Eq. (27), is the importane of the BZ-reation, whih it models. The BZ-reation
is perhaps the most studied nonlinear hemial reation, and happens to have a very slow
near-ritial real mode almost everywhere in parameter spae. (In fat, we have not found
a fold-Hopf bifuration anywhere in the model.) Furthermore, the slow real mode is very
important to the dynamis, being assoiated with omplex osillations and haos. So for a
realisti treatment of a BZ-based reation-diusion system, the slow real mode annot be
negleted.
Reently, qualitative omparisons between solutions to the CGLE and experimentally ob-
served spiral waves in the ferroin atalyzed BZ reation were reported by Ouyang and Fles-
selles [21℄. The ferroin atalyzed BZ reation is not so well understood and haraterized as
the Ce4+atalyzed version. Although a large part of the reations involving bromomaloni
aid are ommon for the two versions of the BZ system, reations like the fth of Eq. (34)
do depend on the atalyst. Nevertheless, the possibility of slow real modes should be kept in
mind, and the appliability of the CGLE annot be taken for granted.
An advantage of the CGLE is that its oeients α and β an be obtained diretly
from experiments [22℄ although the methods still need some renement for higher auray.
Unfortunately, measuring the oeients of Eq. (27) is muh more diult. We may possibly
get some progress using more general perturbation methods based on ontrol theory, whih
we presently are developing. Otherwise one must work through optimized models of the
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reation onsidered.
In a ase where several real modes are lose to ritiality, one must derive the appropriate
amplitude equation from the general expression (19). This means alulating expliit expres-
sions for the neessary oeients as in Table 1. At the same time the linear equations for
the oeients of the amplitude transformation must be solved to the order desired. These
steps are quite straightforward using software pakages apable of performing symboli ma-
nipulations suh as Mathematia or Maple [23, 24℄. Even though the multitude of oeients
to be alulated and equations to be solved grows rapidly with the number of slow modes,
the gain in speed by using an amplitude equations may well make a solution feasible that in
pratie is impossible using the reation-diusion equation diretly.
A Amplitude transformation
In [4℄, we derived an expression for the unfolded enter manifold W c(µ) in terms of oordi-
nates yi of y ∈ Ec in a basis of ritial eigenvetors ui, namely
x = y + h(y,µ) =
r∑
i=1
yiui +
∑
pq
hpqy
pµq (44)
in whih yp =
∏
i y
pi
i and µ
q =
∏
k µ
pk
k . The oeient vetors hpq are solutions to the
linear equations
(
J−
r∑
j=1
pjλjI
)
·hpq = −Qp ·Φpq, (45a)
Rp ·hpq = 0. (45b)
in whih I is the unit tensor, Rp projets onto the resonant subspae and Qp removes the
resonant omponents of any vetor x:
Rp ·x = (I−Qp)·x =
∑
i
(u∗i ·x)ui. (46)
The sum in Eq. (46) is taken over all omponents i for whih the resonane ondition (16) is
satised (for a given order p). The soure term Φpq on the right-hand side of Eq. (46) is
given by the expression
Φpq = fpq −
∑
p′q′
hp′q′
r∑
j=1
p′ju
∗
j ·g(p−p′+δj)(q−q′). (47)
in terms of fpq and lower order oeients hp′q′ and gp′′q′′ , given by
u∗j ·gp′′q′′ =
{
u∗j ·fp′′q′′ if p′′ ·λ = λj ,
0 otherwise.
(48)
The vetors fpq are oeients in an expansion of the vetor eld f(x,µ) on the unfolded
enter manifold W c(µ),
f(y + h(y,µ),µ) =
∑
pq
fpqy
pµq. (49)
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In pratie, this expansion is obtained by substituting the expansion (44) in a Taylor expan-
sion of f(x,µ) in terms of the usual multilinear forms, e.g.
Fxx(x,x) =
n∑
i,j=1
∂2F
∂xi∂xj
xixj , Fxxx(x,x,x) =
n∑
i,j,k=1
∂3F
∂xi∂xj∂xk
xixjxk,
Fµ ·µ =
s∑
i=1
∂F
∂µi
µi, Fxµ(x,µ) =
n∑
i=1
s∑
j=1
∂2F
∂xi∂µj
xiµj , et.
(50)
Any oeient fpq of the expansion (49) is then obtained as an expression that may
involve oeients hp′q′ . The important point now is that only lower orders (p
′,q′) appear
for hp′q′ in fpq. So it is always possible to solve Eqs. (45)(47) order by order.
As a result, the amplitude transformation (44) is obtained expliitly. This proedure
provides a partiular representation of the unfolded enter manifold W c(µ) in terms of the
amplitudes yi. Some simple examples of the alulation of the oeients fpq and expliit
solutions of the linear equation (45) an be found in [4℄.
B Proof of Eqs. (12) and (13)
We use the expansion in Eq. (44) for h(y,µ) together with Eq. (14). For the left-hand side
of Eq. (12), we then get
∑
pq
u∗i ·hpqzpµq
r∑
j=1
pj
zj
∂zj
∂τ
1
T
∫ T
0
e(p·λ−λi)θdθ. (51)
Here a term of order (p,q) vanishes beause of the integral over θ unless p·λ = λi. So the
sum ontains resonant terms only, but eah of these vanishes beause resonant omponents
of hpq vanish, u
∗
i ·hpq = 0, as Eq. (44) and Eq. (45) show. This demonstrates the identity
in Eq. (12).
For Eq. (13), we use Eq. (44) and rst observe that
J·y − ∂y
∂θ
= J·eJθ ·z− ∂
∂θ
(eJθ ·z) = 0 (52)
From the expansion (44) of the transformation h(y,µ), we therefore get from the left-hand
side of Eq. (13)
∑
pq
u∗i ·(J− p·λ)·hpqzpµq
1
T
∫ T
0
e(p·λ−λi)θdθ. (53)
Here only resonant terms ontribute to the sum beause of the integral, but these also vanish
sine u∗i ·(J− p·λ) = 0. The whole sum is therefore identially zero, so Eq. (13) is proved.
C Relation to the CGLE
Comparsion of the DSHE (27) with the CGLE Eq. (26) ontains a subtlety, whih we now
disuss. Equation (27a) has the same form as Eq. (26) apart from the oupling term g1wz.
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But the oeients g1 and g also dier. They are dened in Tables 1 and 2 by very similar
expressions, namely
g1 = u
∗ ·Fxx(u,h1100) + u∗ ·Fxx(u,h2000) + 12u∗ ·Fxxx(u,u,u), (54)
g = u∗ ·Fxx(u,h110) + u∗ ·Fxx(u,h200) + 12u∗ ·Fxxx(u,u,u), (55)
whih dier only by h110 replaing h1100 and h200 replaing h2000. The latter pair are
idential beause they are unique solutions to idential linear equations. But h110 6= h1100
beause (p, q) = (1, 1, 0, 0) is resonant for the real mode in the fold-Hopf bifuration, whereas
(p, q) = (1, 1, 0) is nonresonant in the Hopf bifuration. So the two vetor oeients are
dened through two slightly dierent linear equations:
−J·h1100 = Fxx(u,u)− c0v, (56)
−J·h110 = Fxx(u,u). (57)
Here, c0 is the oeient of |w|2 in Eq. (27b). The seond term of Eq. (56) arises through
the projetion operator Q3 in Table 1.
The physial signiane is the following. In the CGLE, eets of omponents of the vetor
eld F out of the plane of osillation an only be taken into aount through the amplitude
transformation. In the DSHE, the dynamis of the slow mode is diretly aounted for in
the amplitude equation. Consequently, it does not appear in the amplitude transformation,
and as a result, the oeients g1 and g are in fat quite dierent. Compare their numerial
values for the hosen operating point of the 4D Oregonator exhibited in Tables 5 and 6. Here,
it is interesting to note that using g1 in plae of g in the CGLE would plae the equation
well inside the region of absolute instability (see Fig. 1d).
However, this omparison of parameters is misleading, sine it neglets the eet of the
term g0wz. To illuminate the issue, we rst nd an expliit relation between h1100 and h110
from the dierene between Eqs. (56) and (57),
J·(h1100 − h110) = c0v. (58)
Sine J is nonsingular , the solution is
h1100 − h110 = c0J−1 ·v = c0
λ0
v. (59)
We an then use this result to derive an expliit relation between g1 and g. Solving Eq. (59)
for h1100 and substituting the result in Eq. (54), we get, using the bilinearity of Fxx(u,h1100)
and the identity h2000 = h200:
g1 = g +
c0
λ0
u∗ ·Fxx(u,v) = g + c0
λ0
g0. (60)
We an get an indiation of the eet of the term g0wz by examining the artiial situation
where z is onstrained to be homogeneous and stationary, so
z = − c0
λ0
|w|2 (61)
from Eq. (27b). Substitution of this result in Eq. (27a) then yields
w˙ = σ1µw + (g1 − c0
λ0
)|w|2w + dw∇2w, (62)
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whih redues to the CGLE, exatly, when Eq. (60) and the identity dw = d are employed.
Thus it is the variation of z with spae and timethe dynamis of the slow modethat
auses the deviation from CGLE behavior, whih of ourse is no surprise.
In pratie, we regain CGLE behavior if λ0 beomes suiently large and negative im-
plying that g1 and g almost oalese (aording to Eq. (60)) and the linear term λ0z in (27b)
ensures that |z| and hene |g0wz| never beomes large. The magnitude of λ0 should be
ompared with µRe{σ1} rst of all, and a ondition for using the CGLE is |λ0| ≫ µRe{σ1}.
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Captions of tables and gures
Figure 1: (a): Bifuration diagram showing the loations of superritial Hopf bifurations in
the 4D Oregonator model in the plane of the two parameters [BrO−3 ] and [H
+]. (b): Variation
of the dimensionless diusion parameter α along the bifuration urve in (a), plotted as a
funtion of the parameter [BrO−3 ]. (): Variation of the dimensionless parameter β along the
branhes in (a) plotted as a funtion of the parameter [BrO−3 ]. (d): Projetions of the urves
in (b) and () onto the (α, β)-plane together with the urves orresponding to the Ekhaus
(EH) and absolute instability (AI) urves respetively. The Benjamin-Feir instability line
(BF) is also shown.
Figure 2: Solution to the 4D Oregonator PDE at a nite distane from the bifuration
orresponding to an amplitude, whih is 7.5% of the value of the stationary Ce4+ onentra-
tion. The three rows show the amplitude |w| and two seleted onentrations at the times
shown below eah olumn. Integrations were made on a 256x256 grid with no-ux boundary
onditions and physial dimensions 4 cm in both diretions.
Figure 3: Solution to the CGLE orresponding to the one for the 4D Oregonator shown
in Fig. 2. The number below eah olumn shows the time elapsed for that partiular state.
Integrations were made on a 256x256 grid with no-ux boundary onditions and physial
dimensions 4 cm in both diretions. The relative variation of [BrMA] is extremely small
(ompare with Table 7). It is represented orretly by the olors but annot be distinguished
on the orresponding olorsale.
Figure 4: Solution to the 4D Oregonator PDE at a nite distane from the bifuration point
orresponding to an amplitude, 7.5% of the value of the stationary Ce4+ onentration. The
number below eah olumn shows the time elapsed for that partiular state. The solution
is the same as in Fig. 2, but the amplitude z is exhibited instead of |w|. Integrations were
made on a 256x256 grid with no-ux boundary onditions and physial dimensions 4 cm in
both diretions.
Figure 5: Solution to the DSHE orresponding to that for the 4D Oregonator shown in
Fig. 4. The number below eah olumn shows the time elapsed for that partiular state.
Integrations were made on a 256x256 grid with no-ux boundary onditions and physial
dimensions 4 cm in both diretions.
Figure 6: Time series showing the loal variation ofRew (top) and z (bottom) at a partiular
grid point in the ourse of the pattern development shown in Fig. 5. Observe that the time
variation of z is muh slower than for Rew.
Figure 7: (a): Solution to Eq. (42) approahing the stable fous (rs, zs).
Table 1: Formulas for alulating the oeients of the amplitude transformation and am-
plitude equation for the fold-Hopf bifuration. At the bifuration, the Jaobian J has three
eigenvetors u, u, and v and left eigenvetors u∗, u∗, and v∗ orresponding to the three rit-
ial eigenvalues λ1 = λ2 = iω0 and λ3 = 0. The amplitude transformation x = y + h(y, µ),
y = uweiω0t + c.c. + vz, transforms a solution w(r, t), z(r, t) of the amplitude equation to
the motion x(r, t) on the unfolded enter manifold for the dynamial system. The vetor
oeients hpqrs are determined as solutions to the linear equations indiated, in terms of
the derivatives of the vetor eld F. The oeients of the amplitude equation an then
be found through the expliit expressions indiated, in terms of the derivatives of F and
hpqrs. For any x ∈ Rn, the projetions Q1 and Q3 are dened as Q1 ·x = x − (u∗ ·x)u and
Q3 ·x = x− (v∗ ·x)v respetively.
Reation-Diusion Systems with Slow Real Modes 24
Table 2: Formulas for alulating the oeients of the amplitude transformation and am-
plitude equation for the Hopf bifuration. At the bifuration, the Jaobian J has two omplex
onjugate eigenvetors u and u and left eigenvetors u∗ and u∗ orresponding to ritial eigen-
values λ1 = λ2 = iω0. The amplitude transformation x = y + h(y, µ), y = uwe
iω0t + c.c.,
transforms a solution w(r, t) of the amplitude equation to the motion x(r, t) on the unfolded
enter manifold for the dynamial system. The vetor oeients hpqs are determined as
solutions to the linear equations indiated, in terms of the derivatives of the vetor eld F.
The oeients of the amplitude equation an then be found through the expliit expressions
indiated, in terms of the derivatives of F and hpqs. For any x ∈ Rn, the projetion Q1 is
dened as Q1 ·x = x− (u∗ ·x)u.
Table 3: Rate onstants k1, . . . , k7, onstant maloni aid onentration M , and diusion
onstants DX , DY , DZ , and DU used for numerial simulations for the 4D Oregonator
reation-diusion equation (35). The values of the rate onstants are based on [3℄ but have
been modied slightly in the alulations presented here. Diusion onstants DX , . . . , DZ
are from [22℄, whereas the value of DU was estimated by an interpolation sheme desribed
in [25, p. 196℄.
Table 4: Hopf bifuration point for the 4D Oregonator used as a referene for the operating
point atually used in the alulations. The table shows the parameters, the stationary point,
and the eigenvalues ±iω0, λ3, and λ4 of the Jaobian matrix at that point.
Table 5: Ginzburg-Landau parameters at the Hopf bifuration, Table 4, for the 4D Orego-
nator Eq. (35) with parameters shown in Table 3.
Table 6: Coeients for the distributed slow-Hopf equation (27) at the Hopf bifuration,
Table 4, for the 4D Oregonator Eq. (35) with parameters shown in Table 3.
Table 7: Left and right eigenvetors of the Jaobian matrix at the Hopf bifuration, Table 4,
for the 4D Oregonator Eq. (35) with parameters shown in Table 3. The eigenvetors u∗ (left)
and v (right) orrespond to eigenvalues iω0 and λ3 respetively. They illuminate the speial
role played by BrMA in the 4D Oregonator.
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Fold-Hopf Bifuration
Transformation
x = y+h(y, µ)
x = uψ + uψ + vz + h2000ψ
2 + h1100|ψ|
2 + h0200ψ
2
+ h0020z
2 + h1010ψz + h0110ψz +
h3000ψ
3 + h2100|ψ|
2ψ + h1200|ψ|
2ψ + h0300ψ
3
+ h0030z
3 + h2010ψ
2z + h1110|ψ|
2z +
h0210ψ
2
z + h1020ψz
2 + h0120ψz
2 + (h0001 + h1001ψ + h0101ψ + h0011z)µ, ψ = we
iω0t
Seond order Linear equations for hpqrs
w2 −(J− 2 iω0I)·h2000 =
1
2
Fxx(u,u) h0200 = h2000
|w|2 −J·h1100 = −Q3 ·Fxx(u,u)
wz −(J− iω0I)·h1010 = Q1 ·Fxx(u,v) u∗ ·h0020 = 0 h0110 = h1010
z2 −J·h0020 =
1
2
Q3 ·Fxx(v,v) v∗ ·h0020 = 0
Third order Linear equations for hpqrs
w3 −(J− 3 iω0I)·h3000 = Fxx(u,h2000) +
1
6
Fxxx(u,u,u) h0300 = h3000
|w|2w
−(J− iω0I)·h2100 = Q1 ·
(
Fxx(u,h1100) +
Fxx(u,h2000) +
1
2
Fxxx(u,u,u)
) u∗ ·h2100 = 0 h1200 = h2100
wz2
−(J− iω0I)·h1020 = Q1 ·(Fxx(u,h0020) +
Fxx(v,h1010) +
1
2
Fxxx(u,v,v))
h0120 = h1020
|w|2z −J·h1110 = Q3 ·(Fxx(u,h0110) + Fxx(u,h1010) + Fxx(v,h1100) +Fxxx(u,u,v))
w2z
−(J− 2 iω0I)·h2010 = Fxx(u,h1010) + Fxx(v,h2000) +
1
2
Fxxx(u,u,v)− g2h2000
h0210 = h2010
z3 −J·h0030 = Q3 ·(Fxx(v,h0020) +
1
6
Fxxx(v,v,v)) v∗ ·h0030 = 0
Unfoldings Linear equations for hpqrs
µ −J·h0001 = Q3 ·Fµ v∗ ·h0001 = 0
µw −(J− iω0I)·h1001 = Q1 ·
(
Fxµ ·u+Fxx(u,h0001)
)
u∗ ·h1001 = 0 h0101 = h1001
µz −J·h0011 = Q3 ·
(
Fxµ ·v + Fxx(v,h0001)
)
v∗ ·h0011 = 0
Amplitude
equation
w˙ = σ1µw + g0wz + g1|w|
2w + g2wz
2 + dw∇
2w,
z˙ = ρ0µ+ c0|w|
2 + c1z
2 + c2|w|
2z + c3z
3 + dz∇
2z.
dw = u∗ ·D·u, dz = v∗ ·D·v
Resonant
oeients
g0 = u
∗ ·Fxx(u,v)
g1 = u
∗ ·Fxx(u,h1100) + u
∗ ·Fxx(u,h2000) +
1
2
u∗ ·Fxxx(u,u,u)
g2 = u
∗ ·Fxx(u,h0020) + u
∗ ·Fxx(v,h1010) +
1
2
u∗ ·Fxxx(u,v,v)
c0 = v
∗ ·Fxx(u,u), c1 =
1
2
v∗ ·Fxx(v,v)
c2 = v
∗ ·Fxx(u,h0110) + v
∗ ·Fxx(u,h1010) + v
∗ ·Fxx(v,h1100) + v
∗ ·Fxxx(u,u,v)
c3 = v
∗ ·Fxx(v,h0020) +
1
6
v∗ ·Fxxx(v,v,v)
σ1 = u
∗ ·Fxµ ·u+ u
∗ ·Fxx(u,h0001), ρ0 = v
∗ ·Fµ
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Hopf Bifuration
Transformation
x = y+h(y, µ)
x = uψ + uψ + h200ψ
2 + h110|ψ|
2 + h020ψ
2
+ h300ψ
3 + h210|ψ|
2ψ +
h120|ψ|
2ψ + h030ψ
3
+ h001µ+ (h101ψ + h011ψ)µ, ψ = we
iω0t
Seond order Linear equations for hpqs
w2 −(J− 2 iω0I)·h200 =
1
2
Fxx(u,u) h020 = h200
|w|2 −J·h110 = Fxx(u,u)
third order Linear equations for hpqs
w3 −(J− 3 iω0I)·h300 = Fxx(u,h200) +
1
6
Fxxx(u,u,u) h030 = h300
|w|2w
−(J− iω0I)·h210 = Q1 ·
(
Fxx(u,h110) +
Fxx(u,h200) +
1
2
Fxxx(u,u,u)
) u∗ ·h210 = 0 h120 = h210
Unfoldings Linear equations for hpqs
µ −J·h001 = Fµ
µw −(J− iω0I)·h101 = Q1 ·
(
Fxµ ·u+ Fxx(u,h001)
)
u∗ ·h101 = 0 h011 = h101
Amplitude
equation
w˙ = σ1µw + g|w|
2w + d∇2w d = u∗ ·D·u
Resonant
oeients
g = u∗ ·Fxx(u,h110) + u
∗ ·Fxx(u,h200) +
1
2
u∗ ·Fxxx(u,u,u)
σ1 = u
∗ ·Fxµ ·u+ u
∗ ·Fxx(u,h001)
Table 2:
Constant Value
k1/M
−3s−1 1.6
k2/M
−2s−1 2.5×106
k3/M
−2s−1 33.0
k4/M
−1s−1 3.0×103
k5/M
−1s−1 30.0
k6/M
−2s−1 0.18
Constant Value
k7/M
−1 0.0003
M/M 0.44
DX/cm
2s−1 1.0× 10−5
DY /cm
2s−1 1.6× 10−5
DZ/cm
2s−1 0.6× 10−5
DU/cm
2s−1 6.7× 10−6
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Parameter Value
[BrO−3 ]Hopf/M 0.3662
[H+]Hopf/M 1.3416
[HBrO]0/M 9.8679×10−7
[Br−]0/M 7.0929×10−6
[Ce4+]0/M 1.3185×10−5
[BrMA]0/M 7.8262×10−2
ω0/s
−1 2.1911
λ3/s
−1 −3.0731×10−4
λ4/s
−1 −10.4379
Table 4:
Parameter Value
σ1/s
−1 −2.57 + i 1.14
g/1010 M−2s−1 2.19 + i 2.09
d/10−5 cm2s−1 1.00 − i 2.10
α 0.96
β −0.21
Table 5:
Parameter Value
λ0/s
−1 −3.07× 10−4
σ1/s
−1 −2.57 + i 1.14
g0/10
5
M
−1s−1 0.64 + i 1.00
g1/10
10
M
−2s−1 1.09 + i 3.80
c0/10M
−1s−1 −5.25
dw/10
−5 cm2s−1 1.00 − i 2.10
dz/10
−6 cm2s−1 6.70
Table 6:
Speies Reu∗ Imu∗ v
HBrO2 7.546× 10−1 −1.843 3.382× 10−3
Br− 1.699× 10−1 8.390× 10−1 −1.138× 10−2
Ce4+ 4.665× 10−1 2.519× 10−1 1.0
BrMA 7.975× 10−5 4.032× 10−5 −5.857× 103
Table 7:
